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Abstract 

Let P be a completely positive map on M n (C) and let Ep be the 
associated C7iV5 , -C*-correspondence. We prove a result that implies, in 
particular, that the Cuntz-Pimsner algebra of Ep, 0{Ep), is strongly 
Morita equivalent to the Cuntz algebra Od(P) > where d(P) is the index 
of P. 

By definition E P := M n (C) ®p M n (C) is the algebraic tensor product of 
M n (C) with M n (C) endowed with the M n (C)-valued inner product: {a x ® 
6i } tt2 ® 62) = b*P (aXa?) 62, o,i®bi e £?p, i = 1,2, and obvious left and right 
actions of M n (C) by matrix multiplication. Thus Ep is a C*-correspondence 
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over M n (C) in the sense of 0. In the literature, E P is often referred to as 
the GW<S'-C*-correspondence determined by P. 

The notion of index for P, d(P), has a somewhat complicated definition 
Definition 4.9]. However, thanks to the special situation in which we are 
working, an alternative formulation is possible. To state it, recall that thanks 
to Stinespring's thereorm, we may write P in the form 



where ti,t 2 , ...tjv are m M n (C). By Proposition 4.11 of j3] the complex di- 
mension of the linear span of the Vs depends only on P and is the index 
d (P) of P defined in Definition 4.9]. 
The principal result of this note is 

Theorem 1 The correspondence Ep is strongly Morita equivalent, in the 
sense of W, to the Hilbert space C d ^ . 

Proof. Since M n (C) is strongly Morita equivalent to C via the column 
space C n (C), the correspondence Ep is strongly Morita equivalent to the 
correspondence over C, F P := R n (C) ®Af n (c) E P ® M „(c) C n (C), where R n (C) 
is the n-dimensional row space over C. (See for discussions of column 
and row spaces.) Thus Fp is a finite dimensional Hilbert space over C. 
We need to calculate its dimension. Lemma 4.10 of [5] allows us to write 
d(P) as dimc(enM n (C) ®p M n (C) en), where {e^} are the matrix units in 
M n (C). Since the tensor products in the definition of Fp as -R n (C) ®m„(C) 
Ep ®m„(c) C n (C) are balanced over M n (C), the space F P is spanned by the 
elements := ej ® I ®p I ® e* where ej = (0, . . . , 1, . . . , 0), with 1 in 
the j th slot, and i, j = 1, . . . , n. On the other hand, the space (enM n (C) ®p 
M n (C)en) is spanned by the matrices eu®pe.ji, i,j = l,...,n. Consequently, 
to show that the two spaces, F P and (enM n (C)®pM n (C)en), are isomorphic 
and so have the same dimension, it suffices to show that the inner products 
(en^ipejx, eifc®pe/x) and (£ij,£ki) are the same. To do this, we write the 
matrices t r in the representation of P in equation (JTJ) as t r = [t (r; i, j)]"- =1 , 
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r=l 
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r = 1, . . . , N. Then, in Fp, we have 

(£ij,£ki) = {ei® I® pi ® e*,e k ® I® P I <g> e* t ) 
= ejPie-e^ei 

N 

= ^2t(r;i,j)t(r;k,l). 
r=l 

On the other hand, by [SJ Lemma 4.10], the inner product in (enM„(C) ®p 
M n (C)en) is given by the formula (ai <8> bi, a 2 ® 6 2 ) = (6^P(a^a 2 )6 2 ). So, 
we find that 

(en <g> e n , e lk ® e a ) = *7 , (e^ 1 P(e* i ei fc )e J i) 

iV 

= ^2t(r;i,j)t(r;k,l), 

r=l 

also. ■ 

Corollary 2 Le£ P be a completely positive map on M n (C) and /et i? := Pp 
6e t/te associated C* -correspondence over M„(C). T/ien 

1. T/ie tensor algebra over Ep in the sense of J3]/, T + (Ep) is strongly 
Morita equivalent, in the sense of {1} to Popescu's noncommutative 
disc algebra Ad(p) of the size d(P). 

2. The Toeplitz C*- algebra of Ep is strongly Morita equivalent to the 
Toeplitz extension of Cuntz algebra Omp)- 

3. The Cuntz-Pimsner algebra O(Ep) is strongly Morita equivalent to the 
Cuntz algebra Omp)- 

Proof. The first two assertions are immediate from Theorem ^ and jlj 
Theorem 3.2], once it is noted that the tensor algebra of is Ad{p)- (See 
|3j.) The third assertion follows from Theorem and [3J Theorem 3.5]. ■ 

Example 3 Let P : M n (C) — > M n (C) be the completely positive map that 
takes a matrix to its diagonal part, i.e., suppose that P(a) = J^e^ae^, 
a G M n (C). Evidently, the linear span of the en is n-dimensional and so we 
conclude that 0(E P ) is strongly Morita equivalent to O n . 
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The argument used in the proof of Theorem ^ allows us to show what 
happens when one iterates the GiV.S'-construction with completely positive 
maps. Suppose we have two completely positives maps, Pi and P2, acting on 
M n (C). Then we obtain a C*-correspondence similar to the correspondence 
of the type Ep we have been studying. It is the algebraic tensor product 
M n (C) ®p 1 M n (C) ®p 2 M n (C), with the obvious left and right multiplica- 
tions by elements from M n (C) and M n (C)-valued inner product given by the 
formula (ai ® b\ <g> c±, a-2 <S> 62 <8> C2) = c[P2{b\P\(a\a2)b2)c2. We denote this 
correspondence by Ep 1 p 2 . 

Proposition 4 Let P\ and P2 be two completely positive maps on M n (C). 
Then Ep 1 p 2 is strongly Morita equivalent to C d( - Pl ^ d ( P2 \ 

Proof. Since M„(C) is strongly Morita equivalent to C, via the column 
space C n (C) ,the correspondence F Pl p 2 := R n (C)®M n {£)Ep 1 p 2 ®M n {£)C n {C) is 
strongly Morita equivalent to E Pl p 2 . Likewise Pp 4 := i^(C)®M„(Q^Pi®M n (C) 
C n (C) is strongly Morita equivalent to Ep t , i — 1,2. We show that Pp^ is 
naturally isomorphic to Pp 1 ® Pp 2 . 

Observe that Pp 1 p 2 is generated by e^y := ej ® I ® e^i ® I ® e* Further, 
the inner product in Pp 1 p 2 is given by the formula 

(6 ® I ® a <8 J (8) 771, £ 2 <g> / (8 6® / ® 7/2)^ = r/*P 2 (a*Pi(^6)&)^2- 

From this, a simple computation along the lines that we made in the proof of 
Theorem[TJ where, recall, = ej®l®pl®e* k1 shows that (sikij , £mphq) p p p — 
(£kj,£ Pq ) Fpi (£u,£mh) Fp2 = (ekj ® eu,£pq ® £ mfc)- This, in turn, implies that 
PpiPa is isomorphic to F Pl ® Pp 2 . ■ 
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